Abstract: In this note we further develop the duality between supersymmetric gauge theories in various dimensions and elliptic integrable systems such as Ruijsenaars-Schneider model and periodic intermediate long wave hydrodynamics. These models arise in instanton counting problems and are described by certain elliptic algebras. We discuss the correspondence between the two types of models by employing the large-n limit of the dual gauge theory. In particular we provide non-Abelian generalization of our previous result on the intermediate long wave model. arXiv:1601.08238v1 [hep-th]
Introduction
In physics literature there is a significant amount of interest towards gauge theories with large number of colors (large-n 1 gauge theories). One of the most commonly utilized benefits of the large-n physics is the simplification of perturbative expansions, where a multitude of Feynman diagrams is 1/n suppressed [1] . However, the non-perturbative phenomena of large-n gauge theories are discussed less frequently. Indeed, in a generic setup they are shadowed by the perturbative contributions which scale with n. Nevertheless there are some notable exceptions when non-perturbative objects, such as instantons, do play an important rôle in large-n physics. Our current work will elaborate on one of these possibilities. One typically expects to construct an effective description of a gauge theory in the large-n limit which often involves different degrees of freedom than those of the original theory. The effective theory usually appears to be more tractable and sometimes exactly soluble. Expectedly, when the gauge theory is supersymmetric, there are more grounds for deeper understanding of the effective theory by studying its BPS sector and the large-n limit of its protected observables. In this paper we shall investigate an effective large-n description of a certain U (n) gauge theory of A 0 -type with eight supercharges in five dimensions 2 on R 4 × S 1 thereby extending our previous work [3] . In loc cit we have shown that the vacuum expectation value of the fundamental Wilson loop wrapped around S 1 has a well-defined infinite-n limit where it reproduces a different observable of three-dimensional quiver gauge theory with four supercharges. The latter quiver serves in the ADHM construction [4] of the moduli space of (non-commutative) U (1) instantons [5] . Therefore we have constructed a correspondence between the 5d instanton counting and instantons of a completely different 1 We deliberately denote number of colors with lower-case n in order to be consistent with some literature on integrable systems 2 The theory can thought of as a reduction of the 6d (2, 0) theory on a circle of a radius which dials the five-dimensional gauge coupling. It is believed that the theory is UV complete if one includes instantons and tensionless monopole strings (see e.g. [2] and references therin). The BPS observables which will be computed in this work are insensitive to the details of the UV completion.
describe certain physical regimes including Calogero-Moser/ILW, Benjamin-Ono, etc. was earlier studied in the literature (see [3] for details). The Hamiltonians of the elliptic Ruijsenaars-Schneider model model can be thought of as certain elliptic generalizations of Macdonald operators [25] , and its eigenfunctions serve as series generalizations of Macdonald polynomials. Macdonald operators appear in representations of double affine Hecke algebras [26] which in turn describe Hamiltonians of the trigonometric Ruijsenaars-Schneider model [13] . In [3] we discussed free field realization of Macdonald polynomials which can be realized via Ding-Iohara algebra [24, 27] . Therefore free boson presentation of the eRS model calls for an elliptic generalization of the algebra. Presently in the literature there are two distinct generalizations. First generalization presented by Feigin et al [28] , which was used in [3] and will be employed in the current work, and, second, the one by Saito [29] which leads to the so-called elliptic Virasoro algebra recently studied in [30, 31] . At the moment it is not known how to relate the two approaches, however, we believe that they should be in some sense identical.
There is a peculiar non-Abelian generalization of the ILW system, which is referred to as ILW N . Morally speaking it represents a fluid with non-Abelian velocity fields u a (t, x), a = 1, . . . , N which interact with each other in a way that respects the U (N ) invariance. Presently in the literature not much is known about the difference version of the intermediate long wave system, which we call ∆ILW N , however there are some results for ILW N [32] [33] [34] [35] and its Benjamin-Ono limit [36, 37] . Nevertheless, using the relationship with supersymmetric gauge theories, we will be able to predict its spectrum, in particular we shall use its relation to the moduli space of U (N ) instantons (this will be done in Section 4). Finally we will be able to demonstrate that the ∆ILW N arises as a certain n → ∞ limit of the 5d U (N n) N = 1 * gauge theory and provide a direct mapping between the parameters of both systems in Section 5. Later in Section 6 we discuss the relationship of ∆ILW N Hamiltonians and quantum multiplication in quantum cohomology ring of M k,N .
Review of the eRS/∆ILW Correspondence
In this section we shall review the derivation found in [3] of the duality between the elliptic Ruijsenaars-Schneider system and the difference ILW model. We first discuss the trigonometric limit, or the tRS/∆BO duality, then we shall address free field representation of the Ruijsenaars-Schneider systems followed by the large-n limit and connections to ∆ILW 1 .
Trigonometric and Elliptic Ruijsenaars Systems
The n-particle trigonometric Ruijsenaars-Schneider model 5 (tRS) is a complex quantum integrable system of n interacting particles living on a cylinder. The dynamics is determined by the Hamiltonian 1) which is also the first conserved quantity of the integrable system; the whole set of n conserved quantities is given by
The meaning of the parameters is the following: τ i are positions of the particles, t is interaction coupling, and T q,i is shift operator acting as
on functions of the τ i variables. This operator can be represented as T q,i = e iγ 1 τ i ∂τ i = q τ i ∂τ i , where γ is related to the radius of the circle of the cylinder and 1 plays the role of the Planck constant ; in fact, this is merely a trigonometric version of the usual quantum momentum operator.
Macdonald polynomials P λ ( τ ; q, t) are eigenfunctions of the tRS system. These are symmetric polynomials of degree k in the n variables τ i , and are in one-to-one correspondence with partitions λ = (λ 1 , . . . , λ n ), λ 1 . . . λ n 0 of k of length n. Being symmetric, they can be written as linear combinations of the power-sum polynomials
(2.4)
with eigenvalue given by
As it is clear from this expression, the partition λ completely determines the eigenvalue.
The tRS system admits an elliptic generalization, known as the elliptic Ruijsenaars-Schneider (eRS) system, which consists of n particles on a torus, whose dynamics is determined by Hamiltonian
Here Θ p (x) is defined as
(2.8) 6 As remarked for example in [38] , for generic q, t the spectrum of D
n, τ (q, t) is non-degenerate, so there is no need for considering the higher Hamiltonians D (r) n, τ (q, t) to completely classify the eigenfunctions. This is one of the reasons why we will often not consider the whole set of Hamiltonians in the following.
In the limit p → 0 the elliptic curve where the above theta functions are defined degenerates into a cylinder and (2.7) reduces to (2.1). Eigenfunctions and eigenvalues of this model are not known in closed form; it is nevertheless possible to obtain them as a series expansion in p around the known tRS solutions 7 . This approach for determining the solution of the eRS system is the one followed in [13] , although the techniques used there come from 5d supersymmetric gauge theories. Nekrasov recently proved using a different method [14] that the proposal of [13] provides a solution for the elliptic Calogero model.
According to the correspondence between integrable many-body systems and supersymmetric gauge theories the n-particle eRS system can be realized in terms of a 5d N = 1 * U (n) theory in the Omega background C 2 1 , 2 × S 1 γ in the presence of codimension-two defects. Codimension-two defects correspond to a 3d T [U (n)] theory living on C 1 × S 1 γ ; the coupled 5d/3d instanton partition function Z inst 5d/3d in the Nekrasov-Shatashvili limit 2 → 0 [11] is a formal eigenfunction of the eRS system. On the other hand, the vacuum expectation values of the Wilson loop W U (n) in the fundamental representation of U (n) gives the eigenvalues of the eRS system, again in the Nekrasov-Shatashvili limit. The 5d instanton parameter Q = e −8π 2 γ/g 2 Y M is identified with the eRS elliptic deformation parameter p. When the 5d gauge coupling is turned off the 5d theory decouples, leaving us with purely three-dimensinoal theory, which in turn is dual to the trigonometric Ruijsenaars-Schneider system. We refer to [13] (see also [3] ) for further details and the precise dictionary between gauge theory and eRS parameters.
Let us stress that the solution provided by gauge theory computations is a formal solution, viz. its eigenfunctions might not be normalizable. Moreover, already at the trigonometric level it looks quite different from the tRS solution discussed above, since both eigenfunctions and eigenvalues depend on the 5d Coulomb branch parameters µ a , a = 1, . . . , n. In fact, as is noted in [3] , both problems can be cured by noticing that if we set µ a = q λa t n−a , a = 1, . . . , n (2.9)
for a given partition λ of an integer k, than the formal eigenfunctions reduce to Macdonald polynomials associated to the corresponding partition at the trigonometric level, while they become symmetric polynomials in the ratios
of coordinates when the elliptic parameter is turned on. In this way the eigenfunctions become normalizable with the standard Macdonald measure, and we recover the usual tRS solution in the trigonometric limit. Equation (2.9) specifies the very special locus in the Coulomb branch of our 5d theory in which a Higgs branch opens up 'Higgs branch root', and vortex strings may emerge [40] .
Taking (2.9) into account, we can now make a proper use of the gauge theory computations relative to the eRS system. In particular, in the following we will focus on the eigenvalue E (λ;n) eRS (p) of the first eRS Hamiltonian (2.7) relative to an eigenfunction labelled by a partition λ, which according to gauge theory is given by [3, 13] 
where
Formula (2.10) will play an important rôle in the following discussion as well as it did in [3] : there it was used to show that, in the limit of large n, the eRS model can be described in terms of a quantum hydrodynamic system known as finite-difference Intermediate Long Wave system (∆ILW), or finite-difference Benjamin-Ono (∆BO) in the trigonometric case. This correspondence to hydrodynamic models is easy to understand at the classical level -when a system consists of an infinite number of particles it is impossible to follow the dynamics of every single particle, and a better description of the system can be provided by considering it as a fluid, i.e. by studying the particles' collective motion. This idea can be translated at the quantum language -one now needs to expand the fluid velocity functions in Fourier modes and then quantize these modes according to the canonical quantization procedure. This is equivalent to consider our original eRS system in its (bosonic) free field (or collective field ) representation [41] [42] [43] (see [44] [45] [46] for the collective field description of trigonometric and elliptic Calogero-Sutherland systems). Further details on this approach for the case at hand can be found in [3] ; in the next subsection we will merely collect some basic facts which will be relevant for the upcoming discussion.
Free Field Realization of Ruijsenaars-Schneider Systems
The free field realization of tRS and eRS models has been discussed in great detail in [28] (see also [29, 47, 48] for a different realization). We start by considering the (q, t)-deformed Heisenberg algebra H(q, t), generated by the a m , m ∈ Z modes following the commutation relation
In order to reproduce the action of the first trigonometric Ruijsenaars-Schneider Hamiltonian (2.1) in terms of Heisenberg modes a m we introduce vertex operators
and
where [ ] 1 means the constant term in z (i.e. [η(z)] 1 = η 0 ). At the level of eigenvalues this means that for a fixed eigenstate labelled by a partition λ we have
is the eigenvalue of the [η(z)] 1 operator. This implies for |t| < 1
as can be easily verified [3] . Let us mention here that the eigenfunctions of [η(z)] 1 can be easily obtained from the Macdonald polynomials written in terms of the power sum polynomials p m thanks to the isomorphism between the space of symmetric polynomials and the Fock space vectors of H(q, t) given by 8
In a similar way, the action of the higher order Hamiltonians (2.2) can be expressed in terms of bosonic oscillators through commuting operators O r (q, t) (r = 1, . . . , n) which are constructed out of the normal ordered product of r vertex operators η(z i ), i = 1, . . . , r.
When we consider the tRS system in the limit n → ∞ we therefore obtain an infinite set of commuting quantum operators O r (q, t), r = 1, . . . , ∞. In [3] these have been proposed to be the Hamiltonians defining the quantum ∆BO hydrodynamic system, based on the analysis of the classical ∆BO system of [22, 23] .
The same procedure can be adopted for the eRS model. We simply need to replace (2.14) by η(z; pq 20) with parameter of elliptic deformation p. Equation (2.16) gets modified into
with φ n (τ ; p) = φ(τ 1 , . . . , τ n ; p) being the elliptic generalization of φ n (τ ). With p turned on Hamiltonian O 1 (q, t; p) and its companions O r (q, t; p) have been proposed in [3] to map 8 In the elliptic case this isomorphism will no longer be of help, since we need to consider symmetric polynomials in the ratios
which cannot be written as linear combinations of pm.
onto quantum Hamiltonians of ∆ILW hydrodynamic system. This observation was made based on the results of [21] reagrding the classical system. The conjecture
of [28] reduces at the level of eigenvalues to
where E
1 (p) is the eigenvalue of O 1 (q, t; p).
Bethe Ansatz Equations for ∆ILW from the ADHM Theory
In order to verify (2.23) one needs to know both E (λ;n) eRS (p) for generic n and E
1 (p). We already know from (2.10) that E (λ;n) eRS (p) can be computed from the gauge theory, in particular we have
where we identify
There are two ways of obtaining this eigenvalue:
• The most immediate possibility is to look for eigenstates of O 1 (q, t; p) of the form
with fixed eigenvalue k of the number operator ∞ n 1 a −n a n . We shall often refer to integer k as the soliton number. These states are in one-to-one correspondence with partitions of k. This method has the advantage that provides both eigenvalues and eigenfunctions and gives results exact in p, however, it becomes quickly computationally cumbersome for large k.
• Alternatively we can use supersymmetric gauge theories again. As it was proposed in [49] [50] [51] and further explored in [34, 35, 52, 53] , the Coulomb branch of the Abelian (i.e. N = 1) 2d ADHM gauge theory with gauge group U (1) and a flavor group U (N ) is related via Bethe/Gauge correspondence [54, 55] to the ILW hydrodynamic system. Based on this observation, in [3] we proposed that the ∆ILW system maps onto the 3d Abelian ADHM theory. In this setting eigenvalue E 25) i.e by the equivariant Chern character of the universal U (1) bundle over the instanton moduli space. The local observable Tr σ with Tr σ = s σ s is evaluated at a solution λ of the Bethe Ansatz equations (A.4) (solutions to these equations are once again labelled by partitions λ). We refer the reader to Appendix A for details on the ADHM theory.
Eigenvalue E (λ) 1 was computed using both methods in [3] for all possible partitions up to k = 3, perturbatively in p, and the results of the computation have been shown to agree. This provides further evidence to the proposal of considering 3d Abelian ADHM as the gauge theory describing ∆ILW system.
∆ILW as Large n Limit of the Elliptic Ruijsenaars-Schneider Model
Having obtained both E (λ;n) eRS (p) and E (λ) 1 (p) from computations in supersymmetric gauge theories, we can now check the validity of equation (2.23) which in gauge theoretic terms becomes
This was the main computation carried out in [3] which illustrates a sophisticated relation between the large-n asymptotics of the 5d N = 1 * theory and the 3d N = 2 * Abelian ADHM theory.
Remarkably the above correspondence can be independently formulated using languages of three areas of mathematical physics: supersymmetric gauge theories, geometric representation theory and integrable many-body systems.
• Let us first make a physics summary. In a given topological sector k = i λ i the left hand side of (2.26) computes onshell values of the Coulomb branch scalar of the 3d ADHM quiver theory describing moduli space of k U (1) instantons M k,1 . Whereas the right hand side computes the large-n regime of the fundamental U (n) Wilson loop of the 5d theory evaluated at a locus (2.9) of its Higgs branch. Morally speaking, U (1) ⊂ U (n) factor survives through the large-n transition and forms a gauge group of a different gauge theory. This explains why we identified FI parameter of the ADHM theory p with the 5d instanton parameter Q.
• Mathematically we claim that there exists a stable limit of the equivariant Chern character of the universal bundle over the U (n) instanton moduli space in terms of the same character only for M k,1 . Other mathematical implications are listed in [3] .
• Finally, from the point of view of integrable systems (2.26) states that the quantum spectrum of the elliptic RS model restricted on (2.9) in the limit when the number of its particles becomes large is in one-to-one correspondence with the spectrum of twisted A 0 spin chain with one site and k excitations. The twist parameter is given by elliptic deformation parameter p of the eRS model. In addition the spin chain describes the k-soliton spectrum of the ∆ILW system.
Non-Abelian Generalization
Let us lastly summarize the main points of [3] which we have reviewed in this Section.
1. We start by considering the n-particle trigonometric and elliptic Ruijsenaars models.
As was analyzed in [13] their eigenfunctions and eigenvalues can be obtained from computations of BPS observables in the 5d N = 1 * U (n) theory in the presence of defects (see (2.10)).
2. We then realize tRS and eRS in terms of free fields along the lines of [28] . In the limit of the large number of particles this realization provides an infinite number of commuting quantum Hamiltonians, which we identify with the Hamiltonians of the ∆ILW system. This suggests large-n relation (2.23) between the eRS and the ∆ILW spectra.
3. We compute the ∆ILW eigenvalues in two ways: first directly from the Hamiltonian, and then as a local observable of the 3d Abelian (N = 1) ADHM theory (2.25). We check that the two computations agree, which implies that the 3d Abelian ADHM theory is related to the ∆ILW system.
4. Finally, knowing both eRS and ∆ILW eigenvalues we verify proposal (2.23) for first several topological sectors. This proposal, being somewhat intuitive from the integrable system point of view, yields the non-trivial relation (2.26) between a Wilson loop in the 5d N = 1 * U (n) theory and a local observable in the 3d Abelian ADHM theory.
In this paper we will address the following question: What happens if we consider the natural non-Abelian (N > 1) generalization of the 3d ADHM theory? Which integrable system and which gauge theory in the large-n will lead us to this model?
It turns out that one can naturally realize a system of N coupled eRS systems (eRS N ) in terms of free fields (although we are not aware of an expression for the Hamiltonians of this system in terms of finite-difference operators like (2.7) 10 ) again in the setting of [28] (see Appendix A there). This is related to the level-N representation of the Ding-Iohara algebra.
At the trigonometric level, we will obtain a system of N coupled tRS systems (tRS N ) written in terms of free fields. Their eigenfunctions are called generalized Macdonald polynomials in the literature (see for example [38, 56, 57] ). Although we will not comment further on this, the tRS N systems have deep connections to the 5d analogue of the AGT conjecture [58, 59] . Similar N coupled trigonometric Calogero-Sutherland systems and generalized Jack polynomials have appeared in [60] [61] [62] [63] in relation with the original 4d AGT correspondence: in loc cit it was noticed that the Hamiltonian possesses an interesting triangular structure (which appears also in the tRS N case), which implies that the eigenvalues of the system are simply given by the sum of the eigenvalues of N decoupled trigonometric Calogero-Sutherland models. 11 Moreover, the infinite set of commuting quantum Hamiltonians arising from the free field realization of these trigonometric N coupled Calogero models have been related to the Benjamin-Ono limit of the so-called gl(N ) Intermediate Long Wave hydrodynamic systems [32, 33, 64] . On the other hand, the gl(N ) ILW has been related to the elliptic coupled N copies of Calogero models in [34, 35, [49] [50] [51] [52] [53] , as well as to the quantum cohomology of the instanton moduli space ( [49] [50] [51] [52] [53] and especially [65] ).
Keeping this in mind, we propose that the n-particle eRS N model will reduce at large n to what we would call the quantum gl(N ) ∆ILW system (or ∆ILW N ). We are not aware of any study on a similar system in the hydrodynamic literature, apart from the already mentioned ∆ILW 1 = ∆ILW classical case [21] and its ∆BO 1 = ∆BO limit [22, 23] . In any case, we can define quantum ∆ILW N as the system corresponding to the infinite number of commuting quantum Hamiltonians which arise from the free field construction of eRS N , in the limit of infinite number of particles. Then we will proceed with the strategy from the list above, albeit in a slightly different order:
2. We start in Section 3 by defining tRS N and eRS N in terms of free fields as in Appendix A of [28] . In the large number of particles limit this realization provides an infinite number of commuting quantum Hamiltonians, which we identify with the ∆ILW N operators, and suggests a large-n relation between the eRS N and ∆ILW N spectra (as well as between their tRS N and ∆BO N cousins).
3. We compute the ∆ILW N eigenvalues in two ways: first directly from the Hamiltonian (Section 3), and then as a local observable in the 3d non-Abelian (N > 1) ADHM theory (Section 4). We check that the two computations agree, which suggests that the 3d non-Abelian ADHM theory is dual to the ∆ILW N system.
1. Based on the analogy with the N = 1 model we propose that the N n-particles eRS N eigenvalue can be computed from the gauge theory as the vacuum expectation value of the Wilson loop in the fundamental representation of the 5d N = 1 * U (N n) theory (Section 5).
4. Finally in Section 5 we verify that the eRS N model reduces to the ∆ILW N system in the sense which we described above. Our proposal implies an equality between the Wilson loop in the 5d N = 1 * U (N n) theory and a Coulomb branch scalar in the 3d non-Abelian ADHM theory.
The rest of the paper explains in greater details the above points.
Free Field Realization of N Coupled Ruijsenaars-Schneider Systems and ∆ILW N Models
Let us start by constructing the eRS N system in the free field formalism following the procedure described in appendix A of [28] . The basic ingredients were presented in Sec. 2.2. We consider N copies of the (q, t)-deformed Heisenberg algebra ⊕ N l=1 H (l) (q, t), generated by the modes a
Next we introduce elliptic vertex operator η (l) (z):
where, as we will see shortly, parameters p (l) are proportional to the parameter of elliptic deformation p. 12 Similarly, we introduce vertex operators
Although these operators do not appear in the N = 1 construction, they emerge naturally in the present formalism, since they are part of the realization of the underlying Ding-Iohara algebra [28] . From (3.3) one can construct an infinite family of quantum commuting operators, which we identify as the ones of the ∆ILW N system, in particular the first Hamiltonian H (N ) 1 is given by
and α l are a set of complex parameters. When N = 1 Hamiltonian (3.4) reduces to
which (for α 1 = 1) corresponds to operator O 1 (q, t; p) which we have used in Sec. 2.2, whose eigenvalues were studied in detail in [3] .
In the trigonometric limit we expect the Hamiltonian (3.4) to be related to the first tRS N Hamiltonian in a way similar to (2.16) and in particular
At the level of eigenvalues this would imply a relation similar to (2.17), which in this case reads 13
which in the n → ∞ limit and for |t| < 1 becomes
12 Notice the shift which we performed on the p (l) in (3.2) compared to the previous definition (2.20). 13 Notice the power n in the exponents of t instead of nN . This choice is justified by the computations in Section 5.
In an analogous way, we expect the Hamiltonian (3.4) to be related to the first N nparticles eRS N Hamiltonian in a way similar to (2.21); we anticipate here that at the level of eigenvalues this relation leads in the n → ∞ limit to
where Q is proportional to p. The above equality will be thoroughly verified in Section 5. Clearly in order to do this check we will need to know both the eigenvalue E (N ) 1 of the first ∆ILW N Hamiltonian (3.4) and the eigenvalue E (N n) 1 of the first eRS N Hamiltonian for generic n. In Section 5 we will compute the latter; the former will be computed in the remaining part of this Section directly by considering eigenstates of H (N ) 1 , and in Section 4 indirectly by considering local observables in the 3d ADHM non-Abelian theory.
Some clarifications are needed at this point, since what we are doing is only well defined in the N = 1 case. In fact, when N = 1 we know the explicit expressions of both the tRS and eRS Hamiltonians in terms of finite-difference operators: these are given by (2.1) and (2.7) respectively. We now want to consider them in terms of free fields. In the trigonometric case we have (2.16), where we defined [η(z)] 1 to be the first Hamiltonian of the quantum ∆BO system because its classical limit reduces to the classical ∆BO system of [22, 23] . Here D (1) n, τ (q, t) and [η(z)] 1 can be thought to have the same eigenstates (Macdonald polynomials P λ and Macdonald eigenstates |P λ , obtained from the polynomials by making use of the isomorphism (2.19)) but they have different eigenvalues, both computable. Similarly, in the elliptic case we have (2.21), and we defined [η(z; pqt −1 )] 1 as the first Hamiltonian of the quantum ∆ILW system because in the classical limit it reduces to the classical ∆ILW system studied in [21] . Analogously D (1) n, τ (q, t; p) and [η(z; pqt −1 )] 1 do not have the same eigenstates 14 , the isomorphism (2.19) can no longer be applied, but we can nevertheless compute both eigenvalues (thanks to gauge theory complutations) and check the validity of the large-n relation (2.23) between the two spectra.
On the other hand, when N > 1 we do not have explicit expressions for the tRS N and eRS N Hamiltonians in terms of finite-difference operators, nor do we have classical limits of the ∆BO N and ∆ILW N Hamiltonians. Instead we define them in a way which naturally generalizes the N = 1 construction and is which is consistent with the gauge theory results. For example, we define the ∆BO N and ∆ILW N Hamiltonians as in (3.4) since operator (3.4) is the natural extension of [η(z; pqt −1 )] 1 when one considers level N representations of the Ding-Iohara algebra underlying our free field construction, and also because (as we will see in the next Section) its eigenvalue coincides with the observable of the non-Abelian ADHM theory that naturally generalizes (2.25). Although we cannot be completely certain that our physics-motivated construction describes proper finite-difference hydrodynamic systems, we nevertheless have enough grounds to believe in the validity of our proposal based on what is know about the differential gl(N ) ILW and gl(N ) BO systems.
The tRS N instead is defined by (3.7), based on the analogy with the N = 1 case: it is simply a shift of the ∆BO N Hamiltonian by a constant term. 15 Again, the ∆BO N and tRS N Hamiltonians will have the same eigenstates (in the opposite order: generalized Macdonald eigenstates |P λ and generalized Macdonald polynomials P λ , obtained from the eigenstates by making use of the isomorphism (2.19)) but they have different eigenvalues, both computable. As we will later see in Section 5 the eigenvalues of tRS N have a natural gauge theory interpretation as a Wilson loop in the 5d U (N n) N = 1 * theory with 5d gauge coupling turned off, which is an immediate generalization of what we had in the N = 1 case.
Finally, as far as eRS N is concerned we shall assume that the eigenvalues of its Hamiltonian are given by the fundamental Wilson loop in the 5d U (N n) N = 1 * theory with 5d gauge coupling turned on, and that relations analogous to (2.21), (2.22) also take place. Had we have an explicit construction for the tRS N Hamiltonian in terms of finite-difference operators, we would expected the eRS N Hamiltonian to be its natural elliptization. In the following however we will only be concerned with its eigenvalues, which as will show in Section 5 obey (3.10).
Having clarified the above subtleties, let us proceed to the computation of E (N ) 1 from (3.4). We first rewrite (3.2) and (3.3) as 12) with commutation relations 
for the ω
m . By comparing (3.2) with (3.3) we conclude that
15 Our choice for the tRSN Hamiltonian is different from the ones made in [38, 56] ; in particular [56] defines the tRSN Hamiltonian as our ∆BON Hamiltonian, while the one in [38] corresponds to our ∆BON Hamiltonian with the additional term − N l=1 α l . All of those operators have the same set of eigenstates but different eigenvalues; in the choice of [38] the vacuum state has zero energy. We think the name tRSN is more appropriate for our choice, since in the N = 1 case it reduces to the original trigonometric Ruijsenaars-Schneider Hamiltonian (2.1) without any additional constant term.
Notice here that ω
−m does not vanish: we therefore explicitly see the triangular structure of the ∆BO N (and tRS N ) system we mentioned in Section 2.5. As a consequence of this structure, the spectrum at p → 0 is merely given by the sum of N copies of the spectrum of ∆BO 1 system (and similarly for tRS N ).
The computation of E (λ (1) ; . . . ; λ (N ) ) of k. Requiring this state with generic coefficients to be an eigenstate of (3.4) will fix the energy eigenvalue and the coefficients themselves (modulo an overall normalization). Although this procedure provides expressions which are exact in p, we will truncate the solution to a low order in the small p expansion. The computations presented here regard very low values of k and N ; higher values can certainly be considered straightforwardly, unfortunately it leads to the rapid increase of the possible eigenstates which dramatically increases the computational time.
∆ILW 2 Spectrum
For the sake of clarity let us consider N = 2. The first Hamiltonian reads
where p (1) = pqt −1 and p (2) = p. We will study eigenstates of H
1 at fixed low k to which we shall refer to as the soliton number.
Zero solitons
A generic state with k = 0 is given by 
1 we get
therefore of our vacuum state is an eigenstate with eigenvalue
One soliton
A generic state with k = 1 is given by (c 1 λ
In this case the eigenstate equation
1 (c 1 λ
(c 1 λ 
As a side comment, let us remark that for p = 0 the eigenstates are given by
and correspond to the N = 2, level k = 1 generalized Macdonald polynomials given in [38, 56, 57] . Although not explicitly written here, similar results can also be obtained for the other cases considered in the following.
Two solitons
A generic state with k = 2 is given by
−2 + c 5 λ
The eigenstate equation
−2 + c 5 λ 
(3.26)
∆ILW 3 Spectrum
In the N = 3 case the first Hamiltonian reads
with p (1) = p(qt −1 ) 2 , p (2) = pqt −1 and p (3) = p.
Zero solitons
The only possible state with k = 0 is the vacuum
which corresponds to the only 3-partition (•; •; •) of k = 0. The H
1 action
gives the vacuum energy E 
One soliton
A generic state with k = 1 can be written as (c 1 λ
The eigenstate equation H
−1 + c 3 λ
1 (c 1 λ 
(3.33)
∆ILW 4 Spectrum
In the N = 4 case the first Hamiltonian reads
) and p (4) = p.
Zero solitons
The only possible state with k = 0 is the vacuum 
gives the vacuum energy 
(3.37)
One soliton
−1 + c 3 λ 4 Bethe Ansatz equations for ∆ILW N from 3d ADHM Theory
In the previous Section we explained how to compute the spectrum E (N ) 1 of the first Hamiltonian (3.4) of the quantum ∆ILW N system by solving the associated eigenstate equation; in this Section we will show that the same spectrum can be obtained from the computation of a local observable in the 3d non-Abelian ADHM theory, generalizing what suggested in [3] for the Abelian case.
As reviewed in Appendix A, the ADHM quiver theory plays a key role in the study of instantons in gauge theories -its Higgs branch is isomorphic to the moduli space M k,N of k instantons in the U (N ) super Yang-Mills theory. The statement holds in any number of dimensions [66] . A 3d N = 2 theory on C × S 1 γ also admits a Coulomb branch which can be related to a quantum integrable trigonometric spin chain via Bethe/Gauge correspondence [54, 55, 67] . In particular, the equations determining the Coulomb branch supersymmetric vacua coincide with the Bethe Ansatz Equations of the associated spin chain (so there is a one-to-one correspondence between the supersymmetric vacua and the eigenstates of quantum Hamiltonians). Here we propose and give numerical evidence for the fact that the ∆ILW N system is the integrable system associated to the 3d ADHM theory on C × S 1 γ . We proceed as follows. The Bethe Ansatz Equations determined by our ADHM theory read (see Appendix A for more details and the definition of the q, t, p, α l , σ s variables in terms of ADHM parameters)
(4.1)
Here p = e −2πξ with ξ Fayet-Iliopoulos parameter of our gauge theory. 16 As we will see, p is related to the elliptic deformation parameter p of eRS N and ∆ILW N via
One can show that at p = 0 the solutions to equation (4.1) are labelled by N -partitions λ = (λ (1) ; . . . ; λ (N ) ) of k, and that this structure remains when the solutions are expanded in p small; this agrees with the fact that also the ∆ILW N eigenstates can be put in oneto-one correspondence with N -partitions of k.
By extending the proposal in [3] , we suggest the vacuum expectation value of the equivariant Chern character of the universal U (N ) bundle over the instanton moduli space evaluated at λ to be the gauge theory observable corresponding to the eigenvalue of the first quantum ∆ILW N Hamiltonian (3.4), i.e.
In the following we will check the validity of this proposal by revising the solitonic configurations from Section 3. which coincides with the result of Section 3.1.1.
When k = 1 equations (4.1) admit two solutions, corresponding to the two 2-partitions ( ; •) and (•; ) of k = 1. Formula (4.3) gives the energies
(4.5) 16 In terms of Higgs branch target space, the parameter ξ coincides with the Kähler modulus of M k,N .
Moreover, p enters as the quantum deformation parameter in the equivariant quantum cohomology of the ADHM moduli space, or Hilbert scheme of k points in the Abelian (N = 1) case [53, 65, [68] [69] [70] [71] [72] .
these coincide with the results of Section 3.1.2 after identifying p = pqt −1 , as anticipated in (4.2). 
Two solitons
which coincide with the results of section 3.1.3 after identifying p = pqt −1 . 
∆ILW
which coincides with the result of section 3.2.1.
One soliton
When k = 1 equations (4.1) admit three solutions, corresponding to the three 3-partitions ( ; •; •), (•; ; •) and (•; •; ) of k = 1. Formula (4.3) gives the energies 
which coincides with the result of section 3.3.1.
In the k = 1 case equations (4. 
∆ILW N as Large-n Limit of N Coupled Ruijsenaars-Schneider Models
Having discussed in the previous sections the computation of the ∆ILW N spectrum, we would now like to understand how to obtain the spectrum for the eRS N system and show that this reduces to the ∆ILW N one in the n → ∞ limit according to (3.10).
As we recalled in Section 2.1, when N = 1 the eigenvalue E (λ;n)
eRS (p) of the first nparticles eRS Hamiltonian relative to an eigenfunction labelled by a partition λ of k (the degree of the Macdonald polynomial) coincides with the vacuum expectation value of the Wilson loop in the fundamental representation of the 5d N = 1 * U (n) theory evaluated at the supersymmetric vacuum associated to λ. In formulas
The exponentiated 5d coupling Q = e −8π 2 γ/g 2 Y M is proportional to elliptic parameter deformation p. Evaluation of (5.1) at the partition λ = (λ 1 , . . . , λ n ) of k means fixing the µ a parameters according to µ a = q λa t n−a , a = 1, . . . , n .
Here we propose (5.1) to also be valid in the N > 1 case, if we replace U (n) by U (N n).
In more details, we consider the case in which the N n particles of the N coupled eRS systems are split into N sets of n particles each. Then the eigenfunctions (generalized Macdonald polynomials of degree k in the trigonometric limit) will be in the one-to-one correspondence with N -partitions λ = (λ (1) ; . . . ; λ (N ) ) of k where each partition λ (l) is of length n (which is just the number of particles in each of the N eRS systems); at the level of supersymmetric vacuum, this corresponds to splitting the 5d Coulomb branch parameters µ a , a = 1, . . . , N n into N sets µ (l) a , l = 1, . . . , N , a = 1, . . . , n and fix them to
Alternatively we can think of a large Young tableaux Λ, whose column numbers run 1 . . . nN , which can be built as shown the figure below. Then the Higgsing condition reads
Our proposal
n n n Figure 1 : Large tableaux Λ which specifies Higgs branch condition (5.6). It represents a ladder with step length and height equal to n with tableaux λ inserted in corners.
can be immediately verified in the trigonometric case: in fact when p = 0 we have
which exactly coincides with the ∆BO N spectrum (A.6) for α l = α l . Note that we keep α l distinct from α l , because in more general situations, these parameters will only be proportional to each other: we have in mind cases in which one splits the set of nN particles in N sets with different number of particles (or equivalently, when tableaux λ inside the corners of Λ). Since we have defined the tRS N system starting from the ∆BO N one, and (5.7) reproduces the tRS N spectrum implied by our definition, we conclude that our proposal (5.7) is correct. The analogy with the N = 1 case gives us confidence on the validity of (5.7) even in the elliptic case; in fact later in this section we will check explicitly in many cases that the expected large n relation (3.10), i.e. 10) holds true, with the identification
At this moment we can generalize the statements which we have made in Sec. 2.4. Thus we show that the large-n limit of the eRS N model leads us to the spin chain which is described by the twisted chiral ring relations of ADHM quiver gauge theory. The latter, according to the gauge/gravity duality, coincide with the Bethe Ansatz equations for A 0 XXZ spinchain on N sites with impurities α 1 , . . . , α N with the number of excitations provided by the quantization condition (5.5).
We will now proceed to check (5.10) in the several topological sectors as follows: at fixed N we first fix k, then we compute t −n+1 (1 − t −1 ) W U (N n) for all possible partitions of k keeping n generic, and finally we take the limit n → ∞ and check with the already computed ∆ILW N results. In order to lighten the text we will use a simplified notation for our partitions of length n, in which all non-written entries are zero. ) .
(5.12)
We have actually used the same convention in the previous Sections, where we were working with partitions of length k.
5.1 ∆ILW 2 Spectrum from eRS 2 Spectrum
Zero solitons
At k = 0 we only have the empty 2-partition (•; •) of k. From our formula we obtain
which, in the limit n → ∞, reduces to
This immediately matches the results in Sections 3.1.1 and 4.1.1 for α 1,2 = α 1,2 .
One soliton
When k = 1 we have the two 2-partitions ( ; •), (•; ) of k; our formula gives:
• Partition ( ; •):
(5.15)
in the limit n → ∞, this reduces to
which matches the results in Sections 3.1.2 and 4.1.2 for α 1,2 = α 1,2 and Q = p(qt −1 ) 2 .
• Partition (•; ):
Can be obtained from (5.15) by permutation of the α a parameters. In the limit n → ∞, this reduces to
Two solitons
When k = 2 we have the five 2-partitions ( ; •), ( ; •), (•; ), (•; ), ( ; ) of k; our formula gives:
which matches the results in Sections 3.1.3 and 4.1.3 for α 1,2 = α 1,2 and Q = p(qt −1 ) 2 .
(5.20)
Can be obtained from (5.18) by permutation of the α a parameters. In the limit n → ∞, this reduces to
Can be obtained from (5.20) by permutation of the α a parameters. In the limit n → ∞, this reduces to
(5.24)
5.2 ∆ILW 3 Spectrum from eRS 3 Spectrum
Zero solitons
For k = 0 we only have the empty 3-partition (•; •; •) of k. From our formula we obtain
This immediately matches the results in Sections 3.2.1 and 4.2.1 for α 1,2,3 = α 1,2,3 .
One soliton
When k = 1 we have the three 3-partitions ( ; •; •), (•; ; •), (•; •; ) of k; our formula gives:
• Partition ( ; •; •):
(5.28)
in the limit n → ∞, this reduces to • Partition (•; ; •):
Can be obtained from (5.28) by permutation of the α a parameters. In the limit n → ∞, this reduces to • Partition (•; •; ):
Can be obtained from (5.28) by permutation of the α a parameters. In the limit n → ∞, this reduces to 
which, in the limit n → ∞, reduces to 
(5.34)
in the limit n → ∞, this reduces to • Partition (•; ; •; •):
Can be obtained from (5.34) by permutation of the α a parameters. In the limit n → ∞, this reduces to • Partition (•; •; ; •):
Can be obtained from (5.34) by permutation of the α a parameters. In the limit n → ∞, this reduces to • Partition (•; •; •; ):
Can be obtained from (5.34) by permutation of the α a parameters. In the limit n → ∞, this reduces to 
Comments on Quantum Cohomology of Instanton Moduli Spaces
As noticed in [28] and further examined in [3] , the small γ expansion of the first ∆ILW 1 Hamiltonian [η(z; p)] 1 of Section 2.2 contains the operator of quantum multiplication in the small quantum cohomology ring of the instanton moduli space M k,1 (i.e. Hilbert scheme of k points on C 2 ) introduced in [68] and further discussed in [52] . The claim is that the quantum multiplication operator almost coincides with the first quantum ILW 1 Hamiltonian I 3 , however, there are some subtleties which we shall address in this final section. Let us start with 
We now rewrite the λ m oscillators as After substituting p = − p/ qt −117 and defining q = e iγ 1 , t = e −iγ 2 we can expand (6.3) in small γ and obtain
(6.5) 17 Remember that the quantum cohomology parameter is p and not p.
This leads to
where I 2 is the number operator
while
(a −m−n a m a n + a −m a −n a m+n ) (6.8) coincides with the first quantum ILW 1 Hamiltonian. This is not completely unexpected: in fact, at least at the classical level, it is known that ∆ILW 1 reduces to ILW 1 by taking an opportune γ → 0 limit [21] . This limit is non-trivial since it requires to perform a Galilean transformation on the η(z; p) field, so we cannot expect (6.6) to be a generating function for the ILW 1 Hamiltonians 18 . Let us also remark that in the limit qt −1 = 1 the Galilean transformation is trivial, the ILW 1 equation reduces to the Hopf (dispersionless KdV) equation, and (6.6) reduces to the generating function for the quantum Hopf Hamiltonians studied in [73] . The same generating function appears in [74] [75] [76] in relation to Symplectic Field Theory. However, the Galilean transformation only truly affects terms of order o(γ 5 ), and this is why we obtain the first ILW 1 Hamiltonian with this method. We can now study eigenstates and eigenvalues for the Hamiltonian I 3 as we did in Section 3, by considering the eigenstate equation for states of level k (eigenvalue of the number operator I 2 ). The eigenvalue E (λ) 3 obtained in this way can unsurprisingly be recovered by expanding the ∆ILW 1 eigenvalue E (1;λ) 1 in γ:
We refer to [3] for further details. Here we want to remark that I 3 differs from the M k,1 operator of quantum multiplication of [68] by a term proportional to I 2 . This additional term is related to the fact that for M k,1 an equivariant mirror map has to be taken into account in order to obtain the correct Gromov-Witten invariants, and is not present in the operators from [68] for M k,N when N > 1, since the equivariant mirror map is trivial in these cases [72] . In terms of integrable systems, this might be related to the Galilean transformation discussed above. We must admit that further study is required in order to clarify this possible equivalence. It is now not hard to imagine that the first ∆ILW N Hamiltonian H will be related by an equation similar to (6.6), i.e.
+ o(γ 4 ) (6.10) 18 We thank Paolo Rossi for pointing this out.
with I (N ) 2 number operator
m ; (6.11) similarly, at the level of spectrum we expect
For example, for N = 2 we obtain (for α l = e iγa l )
which can also be written as
m+n .
(6.14)
The above expression is precisely the operator of quantum multiplication in the small quantum cohomology ring of M k,2 given in [68] and it can be considered as a representation of Heisenberg algebra tensored with Virasoro algebra Heis ⊗ Vir [52] . The same procedure works for all N and the operator of quantum multiplication can be rewritten in terms of Heis ⊗ W N algebra. The first quantum ILW 2 Hamiltonian, as well as few higher order Hamiltonians written as reperesentations of Heis⊗Vir have also been studied in detail in [34] . It was noticed that when p → 1 the Heisenberg and the Virasoro parts decouple yielding the Hamiltonians of a free field and a dispersionless KdV systemà la Bazhanov-Lukyanov-Zamolodchikov [77] [78] [79] respectively. One can imagine that for generic N the Heisenberg part always decouples when p = 1, leaving us with a W N algebra. This observation suggests that a similar factorization occurs at the level of q-W N algebras for p = 1. One set of oscillators is expected to decouple, and the other oscillators can be used to construct a representation of the q-W N algebra [27, 80] . 19 
Future Directions
In this work we have extended the duality between supersymmetric gauge theories and integrable systems to a new class of models by studying the large-n limit of the five dimensional N = 1 gauge theory ( A 0 -type) with matter in the adjoint representation. The next logical step should be to generalize our construction to affine quiver theories of higher rank (see [81, 82] ) and investigate the variety of limits which appear inside each gauge group. We expect to thereby obtain a more generic effective theory which should describe a generalization of the ILW N family. For instance, the Seiberg-Witten curve for A N −1 theory in four dimensions describes the so-called elliptic spin-Calogero system, whose Hamiltonian also contains spin operators. When N = 1 the spin part of the Hamiltonian reduces to the value of its Casimir. If each group inside the necklace A N −1 quiver is U (n) one may ask what happens along the lines of this paper with the theory and with its dual integrable system.
We have mentioned that we do not possess a compact form for RS N Hamiltonians. We hope that studying gauge theories with defect as in [13] for more generic theories will help to obtain those operators and prove, using the recent approach of [14] that the supersymmetric partition functions and BPS observables of those theories provide a formal solution to the dual integrable models.
We hope to find a relationship between the two different elliptic deformations of DingIohara algebra provided in [28] and in [29] . A better understanding of this point will probably clarify the connection between the two algebras, the gauge theories studied in this paper, and the elliptic Virasoro algebra introduced in [83, 84] . Additionally we expect to get a deeper understanding of the AGT correspondence including its difference and elliptic versions.
In addition five dimensional theories may have Chern-Simons terms. One should be able to study their imprint on the large-n physics which have been discussed in this paper. Recently there has been progress in understanding 5d/3d systems in the presence of ChernSimons terms [85] [86] [87] . See also [88] for the discussion of large-n transitions for theories with fractional Chern-Simons terms. 
where ξ is Fayet-Iliopoulos parameter. This manifold can be identified with the ADHM moduli space of k instantons for a pure U (N ) Yang-Mills theory. In terms of a D2/D6 brane system, the k D2 branes wrapped on P 1 × S 1 γ can be understood as a k-instanton configuration for the pure U (N ) supersymmetric theory living on the N D6 branes wrapping C q × C t × P 1 × S 1 γ (here q = e iγ 1 , t = e −iγ 2 ). As is well known in the context of D(p-4)/Dp brane systems, the auxiliary 3d theory living on D2 branes is precisely the ADHM quiver theory whose Higgs branch vacua describes M k,N . When the radius of the S 1 γ circle is sent to zero we go back to the setting of [52] with a system of k D1 branes and N D5 branes wrapping respectively P 1 and C q × C t × P 1 inside the 10d geometry C q × C t × C × O(−2) P 1 .
One knows from the Bethe/Gauge correspondence [54, 55] (A.6)
